
 

1ÊÙ!ÚO��

~1.1. gc��U)�
10000�16Mn.g5. rÝ�

u52kg{mm2��g¬. XÛ¦ù1�¬�g¬Çp?

u�¤k10000�? Ø�U: �m!¤^!½»�.

VÇÚO�.: �Å���, (J^�ÅCþX L«:

X “

$

&

%

1, ´g¬,

0, Ø´g¬.

$

&

%

P pX “ 1q “ p,

P pX “ 0q “ 1´ p.

:: p ��, dD8I.

Ä��þ(X, n “ 20, 50)�¬��êâ X1, ¨ ¨ ¨ , Xn.

�@�§�Õá, ��X Ó©Ù.

:: X1, ¨ ¨ ¨ , Xn À�®�.

�*: p « X̄.

���<: oÀº, U�: ÙE 1ÊÙ



 
~1.2. ���)�
�1��, XÛ�O§��²þÆ·9Ù�

á�É?

VÇÚO�.: �ÅÄ�����, ÙÆ·À��ÅCþX.

�X „ Exppλq. λ ��.

Ä�n ��¬��X1, ¨ ¨ ¨ , Xn.

�±@�§�ÕáÓ©Ù.

�*: ²þÆ·EX « X̄, �á�Éσ2 «?.

���<: oÀº, U�: ÙE 1ÊÙ



 

�ÅÄ�{.

l�ïÄ�é���N¥Ä���Ü©5?1*	ÚïÄ,

lé�N?1íä.

�¿Â: Ê��{²~Ø�1, Ï�<å!Ôå!�m�

�, ½»�5Á�.

Ä��{: XÛÄ�, Äõ�, N�Ä�;

ÚOíä: ��Ä�(J(�1êâ)�, XÛ©Û!?n.

���<: oÀº, U�: ÙE 1ÊÙ



 

oN/oN©Ù.

oN: ¤ïÄ�é���N. X, 10000�g5, �1��.

�N: oN¥�z��.

'%z��N�,�A5�(X, g5�rÝ, ���Æ·),

9Ù3oN¥�©Ù�¹(X, rÝă 52 �(g¬)310000�

g5¥¤Ó�'~, Æ·31000„2000���m��Óù�

1¥�'~).

ï�: ò�NA5�À��ÅCþX: loN¥�ÅÄ��

��N�A5�. 8I: ïÄX �©Ù.

{z: oN�X, oN©Ù�X �©Ù. X, ü:©ÙBp1, pq,

�ê©ÙExppλq.

:: oN©Ù, ½, Ùëê(X, p, λ), ´���. dD8I.

���<: oÀº, U�: ÙE 1ÊÙ



 

��.

3��oN (X, 10000�g5, ½10000�g5�rÝ) X

¥, �ÅÄ�n ��NX1, . . . , Xn (X, n ��¬g5, ½Ù

rÝ), §�¡�oNX ���Nþ�n ���(½�f�).

¡n ���(N)þ.

{z: �òX1, . . . , Xn À�n ��ÅCþ.

Ä��, ��n �äN�ê�, ¡����, P�x1, . . . , xn.

5: ����·^. ��rNnØ, ��rN¢^.

e��X1, . . . , Xn �pÕá, �þ�oNX äk�Ó�©

Ù, K¡Ù�{ü�Å��.

~, éoNX ?1ÕáE*ÿ, ��{ü�Å��.

5: oNê8é��, �@�Ã�£Ä���{ü�Å��.

���<: oÀº, U�: ÙE 1ÊÙ



 

êÆ�.(½Â1.1).

oN: �ÅCþX. :: Ù©Ù��, ´·�'%�.

��: Õá��X Ó©Ù��ÅCþX1, . . . , Xn.

���: x1, . . . , xn, Ä�/Á��¤�, �����. =, êâ.

:: x1, ¨ ¨ ¨ , xn À�®�.

��Nþ: n.

eX k©Ù�Ýppxq, K¡X1, X2, . . . , Xn ´5goNppxq

���.

½n1.1. eX1, . . . , Xn ´5goNppxq ���,

KpX1, X2, . . . , Xnq kéÜ�Ý

ppx1qppx2q . . . ppxnq.

���<: oÀº, U�: ÙE 1ÊÙ



 

©Ù¼ê�O

§5.2 ©Ù¼ê�©Ù�Ý��O

£ã�ÅCþ�©Ù: ©Ù¼ê!�Ý¼ê!©Ù�.

�½���x1, x2, . . . , xn, XÛ�O©Ù¼êF pxq?

�½x, -A “ tX ď xu. KF pxq “ P pAq.

�ê½Æ: P pAq « A �ªÇ.

½Â2.1. �½X ���(�) x1, x2, . . . , xn. ¡x �¼ê

Fnpxq “
νn
n
, νn “ |ti : 1 ď i ď n � xi ď xu|

�X �²�©Ù¼ê.

5: �½x, Fnpxq =�A �ªÇ. �Fnpxq « F pxq, (n é�).

���<: oÀº, U�: ÙE 1ÊÙ



 

ò���x1, x2, . . . , xnl���ü��P�

xp1q ď xp2q ď ¨ ¨ ¨ ď xpnq

xpiq �����1i �gSÚOþ.

exp1q, xp2q, . . . , xpnq üüØÓ, ´�

Fnpxq “

$

’

’

’

&

’

’

’

%

0, x ă xp1q,

k
n , xpkq ď x ă xpk`1q, pk “ 1, 2, . . . , n´ 1q

1, x ě xpnq.

e,�xpjq km ��Ó����, KFnpxq 3xpjq ?�þa

�m
n =�.

© ê�O: exp “ F´1ppq �3��. �rn “ rpns ` 1,

Kxprnq Ñ xp, a.s..

���<: oÀº, U�: ÙE 1ÊÙ



 

~2.1. -ÞÀ´�Å�, �½345�. �ÅÄ�10�, ��êâ:

344, 336, 345, 342, 340, 338, 344, 343, 344, 343

Á�O©Ù¼êF pxq 9Ù¥ ê.

): ^²�©Ù¼êFnpxq �OF pxq.

���l���ü�:

336, 338, 340, 342,

343, 343, 344, 344, 344, 345

²�©Ù¼ê:
Fnpxq “

$

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

%

0 x ă 336

1
10 336 ď x ă 338

2
10 338 ď x ă 340

3
10 340 ď x ă 342

4
10 342 ď x ă 343

6
10 343 ď x ă 344

9
10 344 ď x ă 345

1 x ě 345

¥ ê�O:

^gSÚOþ¥m��(Ûê��)

½¥mü��²þ(óê��),

½ö��^xr0.5ns`1.

=1
2pxp5q ` xp6qq “ 343, ½xpr0.5ˆ10s`1q “ xp6q “ 343.

���<: oÀº, U�: ÙE 1ÊÙ



 

©Ù�Ý�O

��ã{.

oN�Ý: ppxq. ��: x1, x2, . . . , xn.

Ú½�!�a 'xp1q Ñ�, b 'xpnq Ñ�. r«mpa, bs �©

�m ��«m I1, ¨ ¨ ¨ , Im. «m�: h “ b´a
m .

Ú½�!@i, ÚOÑνi “ tk : xk P Iiu, O�Ñfi “
νi
n .

Ú½n!���ã. 3x P Ii þ, �p�p̂pxq “ fi
h �Ý/µ.

(Ø: ^p̂pxq 5�Oppxq.

nd: 1i �µ�¡Èfi « P pX P Iiq(ªÇ« VÇ), l

p̂pxq«
1

|Ii|
P pX P Iiq« ppxq, @x P Ii.

5: Ø7�©«m, Cq=�.

���<: oÀº, U�: ÙE 1ÊÙ



 

a, b, m ��{: ¦õê�«m¥�¹���; �ê ê'*

ÿ���ê êõ� , ;����á3�«mà:.

m�ïÆ�{�: m�ïÆ�{�:

m « 1` 3.322 lnn. n m

ă 50 5 „ 6

50 „ 100 6 „ 10

100 „ 250 7 „ 12

ą 250 10 „ 20

eppxq ��ëY; Dδ ą 0, ¦�
ż 8

´8

|x|δppxqdx ă 8;

��«m�Ýhn ÷v:

lim
nÑ8

hn “ 0, hn ě
plnnq2

n
.

K��r�Ü:

P

ˆ

lim
nÑ8

sup
´8ăxă8

|pnpxq ´ ppxq| “ 0

˙

“ 1.

���<: oÀº, U�: ÙE 1ÊÙ



 
~2.2. n “ 120. êâ: 0.86, 0.83, ¨ ¨ ¨

xp1q “ 0.64, xpnq “ 0.95, xpnq ´ xp1q “ 0.31.

rål0.31ÑO��0.32ÒN´©)Ïê.��m “ 16,

h “ 0.02, a “ xp1q´ 0.005 “ 0.635, b “ xpnq` 0.005 “ 0.955,

�©:Z© Ñk0.005, vk��:á3«mà:þ.

�Ñ�«mà:, ÚOÑνi, i “ 1, 2, . . . ,m.

�ã: p�fi
h .

���<: oÀº, U�: ÙE 1ÊÙ



 

Ø�O.

nd1: eppxq ëY, Kh é��,

ppxq «
F px` hq ´ F px´ hq

2h
.

nd2: �^²�©Ù¼êFnpxq �OF pxq.

Rosenblatt�O: ^p̂npxq 5�Oppxq.

p̂npxq “
1

2h
rFnpx` hq ´ Fnpx´ hqs , x P p´8,8q.

5: Fnpx` hq ´ Fnpx´ hq “ tk : xk P px´ h, x` hsu, g�

���ã{�q, «O3u�«m.

PK0pxq “
1
2 , e´1 ď x ă 1; K0pxq “ 0, Ù¦. K

p̂npxq “
1

2nh
|ti : x´ h ă xi ď x` hu| “

1

nh

n
ÿ

i“1

K0

ˆ

x´ xi
h

˙

.

���<: oÀº, U�: ÙE 1ÊÙ



 

Ø¼ê(½Â2.2): Kpxq ��K¼ê,
ş8

´8
Kpxqdx “ 1.

d�, ¡p̃npxq �ppxq �Ø�O, Ù¥

p̃npxq “
1

nh

n
ÿ

i“1

K

ˆ

x´ xi
h

˙

.

5: ��À�ó¼ê, �3��¶üNeü(aq���).

Ù¦~^Ø¼ê: X,

K2pxq “
1
?

2π
exp

"

´
x2

2

*

, K3pxq “
1

π p1` x2q
.

eppxq ��ëY; lim
nÑ8

hn “ 0,
ř8
n“1 e

´rnh2n ă 8, @r ą 0;

�Ø¼êKpxq �k.C�¼ê, K��r�Ü:

P

ˆ

lim
nÑ8

sup
´8ăxă8

|p̃npxq ´ ppxq| “ 0

˙

“ 1.

5: 3Kpxq Úh À�Ü·�, '��ã��O°Ý�p.

���<: oÀº, U�: ÙE 1ÊÙ



 

�C��O.

Ø�O: �½«m�2h, x NC���:õK�Ý�.

�C��O: �½x NC¤I���:ê, ¤I���«m

�áK�Ý��.

êâ: x1, ¨ ¨ ¨ , xn.

���êKpnq, -

anpxq “min tt : t ą 0, |ti : xi P px´ t, x` tqu| ě Kpnqu

p˚npxq “
Kpnq

n
¨

1

2anpxq
.

eppxq ��ëY, lim
nÑ8

Kpnq
n “ 0 � lim

nÑ8

Kpnq
lnn “ 8, K��r

�Ü:

P

ˆ

lim
nÑ8

sup
´8ăxă8

|p˚npxq ´ ppxq| “ 0

˙

“ 1.

���<: oÀº, U�: ÙE 1ÊÙ



 

§5.3 ��q,�O{

²�©Ù¼ê!��ã�O!Ø�Ý�O!�C��Ý�O

�, ÑØI�b½oN©Ù�a., ¡��ëêÚO�{.

�´, ���O��¼êI��&Eþé�.

XJ®�oN©Ùa., �´©Ùëê��, K�I�Oë

ê. ù«�{��ëêÚO�{.

~X, ��¬�IÑl��©ÙNpµ, σ2q, �µ, σ2 ��.

qX, ��¬Æ·Ñl%Ù�©Ù/éê��©Ù, ëê��.

�oNX ��Ý¼ê½VÇ¼ê(©Ù�)�

ppx; θ1, θ2, . . . , θmq, Ù¥θ1, θ2, . . . , θm ´��ëê.

¯: �â���: x1, x2, . . . , xn. XÛ�Oëê?

���<: oÀº, U�: ÙE 1ÊÙ



 

ëê: θ “ pθ1, ¨ ¨ ¨ , θmq. ��: Θ. ��: ~x “ px1, ¨ ¨ ¨ , xnq.

q,¼ê:

Lpθq “ Lnpθq “ Lp~x; θq “ Lnp~x; θq :“
n
ź

i“1

ppxi; θq.

51: θ ´ëê. Lp~x; θq ´¢�þ~x �¼ê, §=�

~X “ pX1, ¨ ¨ ¨ , Xnq �éÜ©Ù�/�Ý¼ê.

52: ~x ´ ~X ���. Y “ Lp ~X; θq ´�ÅCþ. X,

X „ Npµ, σ2q, KY “
śn
i“1

1?
2πσ2

e´
pXi´µq

2

2σ2 .

53: ���~x �®�, À�~ê. q,¼ê´ëêθ �¼ê.

½Â3.1. XJLnp~x; θq 3θ̂ “ pθ̂1, . . . , θ̂mq �����, K

¡θ̂ (½θ̂i) �ëêθ (½θi) ���q,�O(MLE).

5: θ̂ �6u~x, ��θp~xq.

5: ¡gpθ̂q �gpθq ���q,�O.

���<: oÀº, U�: ÙE 1ÊÙ



 

~. Ý¥k
:::::
Nõç¥Úx¥, '~�3 : 1, ß=«õ.

�*: �Å�3 �, ��=«õÒß=«õ.

êâ: n “ 1, X „ Bp3, pq, p P t1
4 ,

3
4u,

q,¼ê:

Lppq “ Cx3 p
xp1´ pq3´x, 0 ď x ď 3.

pzx 0 1 2 3

1
4

27
64

27
64

9
64

1
64

3
4

1
64

9
64

27
64

27
64

θ̂ 1
4

1
4

3
4

3
4

���<: oÀº, U�: ÙE 1ÊÙ



 
nØ©Û: θ̂p ~Xq ´�ÅCþ.

3�����^�e, kXe5�:

�Ü5: nÑ8, �O(J�ëêý�Ã��C.

k�5: �½¿Âevk'��q,�O�°(��O.

ìC��5: n¿©��, θ̂p ~Xq CqÑl��©Ù.

Lnpθq �éêq,¼ê lnLnpθq ����:�Ó.

θ “ pθ1, ¨ ¨ ¨ , θmq P Θ ÷vXeq,�§|:

B lnLn
Bθ1

“ ¨ ¨ ¨ “
B lnLn
Bθm

“ 0.

5: q,�§|�)ØU�y����:.

���<: oÀº, U�: ÙE 1ÊÙ



 

�ê©Ù

X „ Exppλq. ëê: λ, ��: p0,8q. ¦λ ���q,�Oλ̂.

�Ý: ppx;λq “ λe´λx, x ą 0.

q,¼ê!éêq,¼ê: xi ě 0, @xi.

Lnp~x;λq “ λn exp t´λ
řn
i“1 xiu , lnLnpλq “ n lnλ´ λ

řn
i“1 xi.

q,�§: Px̄ “ 1
npx1 ` ¨ ¨ ¨ ` xnq,

`

lnLnpλq
˘1
“ n

λ ´
řn
i“1 xi “ 0 ñ λ̂ “ n{

řn
i“1 xi “ 1{x̄.

~3.1. n “ 18, êâ: 16, 29, 50, 68, 100, 130, 140, 270, 280,

240, 410, 450, 520, 620, 190, 210, 800, 1100.

�\êâ: x̄ “ 318, λ̂ “ 1
318 « 0.03144.

?�Ú, µ “ EX “ 1
λ ���q,�O�µ̂ “

1
λ̂
“ X̄.

���<: oÀº, U�: ÙE 1ÊÙ



 

��©Ù

X „ Npµ, σ2q. ëêµ, δ “ σ2, ��: µ P R, δ ą 0.

¦µ, δ ���q,�Oµ̂ �δ̂ “ σ̂2.

�Ý: ppx;µ, δq “ 1?
2πδ

exp
 

´ 1
2δ px´ µq

2
(

.

q,¼ê!éêq,¼ê:

Lp~x;µ, δq “ 1?
2πδ

n exp
 

´ 1
2δ

řn
i“1pxi ´ µq

2
(

,

lnLnpµ, δq “ ´
n
2 lnp2πq ´ n

2 ln δ ´ 1
2δ

řn
i“1pxi ´ µq

2.

q,�§|:

B lnLn
Bµ “ 1

δ

řn
i“1pxi ´ µq “ 0,

B lnLn
Bδ “ ´ n

2δ `
1

2δ2
řn
i“1pxi ´ µq

2 “ 0.

)�: µ̂ “ x̄, δ̂ “ 1
n

řn
i“1pxi ´ x̄q

2. ((¢´���:.)

���<: oÀº, U�: ÙE 1ÊÙ



 

%Ù�©Ù

ëê: m, η, ��: m ą 0, η ą 0. �Ý:

ppx;m, ηq “
m

ηm
xm´1 exp

"

´

ˆ

x

η

˙m*

, x ą 0.

¦m, η ���q,�Om̂, η̂.

éêq,¼ê:

lnLnpm, ηq “ n lnm´ nm ln η ` pm´ 1q
řn
i“1 lnxi ´

řn
i“1

´

xi
η

¯m
.

q,�§|: (am “ emln a).

p3.2aq B lnLn
Bm “ n

m ´ n ln η `
řn
i“1 lnxi ´

řn
i“1

´

xi
η

¯m
ln xi

η “ 0,

p3.2bq B lnLn
Bη “ ´nm

η ` m
ηm`1

řn
i“1 x

m
i “ 0.

d(3.2b)�η “
`

1
n

řn
i“1 x

m
i

˘
1
m .

2�\(3.2a).

���<: oÀº, U�: ÙE 1ÊÙ



 

òη “
`

1
n

řn
i“1 x

m
i

˘
1
m �\

p3.2aq B lnLn
Bm “ n

m ´ n ln η `
řn
i“1 lnxi ´

řn
i“1

´

xi
η

¯m
ln xi

η “ 0.

�n:

‹ “ 1
ηm

řn
i“1 x

m
i plnxi ´ ln ηq “ 1

ηm
řn
i“1 x

m
i lnxi ´

1
ηm

řn
i“1 x

m
i ln η

“ 1
ηm ¨ ‹ ´

1
ηmnη

m ln η “ 1
ηm ¨ ‹ ´ ‹.

�, (3.2a) z�

ϕpmq :“
1

m
`

1

n

n
ÿ

i“1

lnxi ´

řn
i“1 x

m
i lnxi

řn
i“1 x

m
i

“ 0. (3.4)

�n ě 2, x1, . . . , xn Ø�����, þã�§Tk���m̂.

5: m̂p~xq vkw«L�. ϕ1pmq ă 0, �^�©{é�m̂.

?�Ú, η̂ “
`

1
n

řn
i“1 x

m̂
i

˘
1
m̂ .

5: �±y²pm̂, η̂q ´��q,�O.

���<: oÀº, U�: ÙE 1ÊÙ



 
~3.2 ¶«�Æ·��Ñl%Ù�©Ù.n “ 20���êâX

e(ü : ��):

153, 223, 313, 373, 378, 385, 424,

232, 452, 452, 547, 561, 634, 699,

759, 859, 1000, 1132, 1152, 1466

¦/Gëêm Ú�Ýëêη ���q,�O.

): )�§(3.4) �m ���q,�Om̂ “ 1.9.

?�Ú, η̂ “
`

1
n

řn
i“1 x

m̂
i

˘
1
m̂ “ 685.

���<: oÀº, U�: ÙE 1ÊÙ



 

þ!©Ù

�X „ U ra, bs, ëê: a, b, ��: a ă b.

¦: a, b ���q,�Oâ, b̂.

�Ý: ppx; a, bq “ 1
b´a , ea ď x ď b; ppx; a, bq “ 0§ÄK.

q,¼ê:

Lnp~x; a, bq “

$

&

%

1
pb´aqn , a ď xp1q � xpnq ď b,

0, ÄK.

�, â “ xp1q, b̂ “ xpnq.

���<: oÀº, U�: ÙE 1ÊÙ



 

Ï"�:�O

§5.4 Ï"����:�O

���O©Ù¼ê!©Ù�Ý!VÇ¼ê�¦êâéõ.

ëê���q,�Ok�'�E,.

XJ�´I��OÏ"!���êiA�, K'�N´.

~1.1. g5g¬Ç�O¯K.

�d/, oNX „ Bp1, pq �Ï"EX �O¯K.

���<: oÀº, U�: ÙE 1ÊÙ



 

^��þ�X̄n “ X̄ “ 1
n

řn
i“1Xi 5�OEX.

X̄ ´�ÅCþ.

½n4.1. �EX �3, KEX̄ “ EX.

5: ¡ù���O�Ã �O.

½n4.2. �X �Ï"!��Ñ�3, KDpX̄nq “
1
nDpXq.

5: n ��, DpX̄nq ��, �O�°(, ¡��k�.

eψpx1, . . . , xnq ´Ø�6u��ëê�¼ê, K

¡Y “ ψpX1, . . . , Xnq �ÚOþ.

X, X̄ ´ÚOþ.

ÚOþ´�ÅCþ, Ù©Ù¡�Ä�©Ù.

���<: oÀº, U�: ÙE 1ÊÙ



 

�gpθq ´ëêθ�¼ê, X1, . . . , Xn ´X ���.

½Â4.1. ¡ÚOþϕpX1, . . . , Xnq �gpθq ��Oþ.

5: �«�O�{�)ϕnpX1, ¨ ¨ ¨ , Xnq, n “ 1, 2, ¨ ¨ ¨

ϕpX1, . . . , Xnq �©Ù/Ï"�θ k', �dwª/P�

Eθ rϕpX1, . . . , Xnqs .

½Â4.2. eEθ rϕpX1, . . . , Xnqs “ gpθq, @θ P Θ, K

¡ϕpX1, . . . , Xnq �gpθq �Ã �O,

½Â4.3. egpθq �ü��Oþ÷v

Eθ rϕ1pX1, . . . , Xnq ´ gpθqs
2
ď Eθ rϕ2pX1, . . . , Xnq ´ gpθqs

2 , @θ P Θ,

��3θ0¦LHS ă RHS, K¡ϕ1'ϕ2 k�.

���<: oÀº, U�: ÙE 1ÊÙ



 

½Â4.4 XJϕpX1, . . . , Xnq´gpθq �Ã �Oþ, �é

ugpθq�?�Ã �OþψpX1, . . . , Xnq,

D pϕpX1, . . . , Xnqq ď D pψpX1, . . . , Xnqq , @θ P Θ

K¡ϕpX1, . . . , Xnq�gpθq �����Ã �Oþ.

½Â. eé?¿ε ą 0,

lim
nÑ8

P p|ϕpX1, . . . , Xnq ´ gpθq| ą εq “ 0.

K¡ϕpX1, . . . , Xnq´gpθq ��Ü�O.

½Â. e

P
´

lim
nÑ8

ϕpX1, X2, . . . , Xnq “ gpθq
¯

“ 1,

K¡ϕpX1, . . . , Xnq´gpθq�r�Ü�O.

���<: oÀº, U�: ÙE 1ÊÙ



 

���:�O

^Xe½Â������ODpXq.

S2 “
1

n´ 1

n
ÿ

i“1

pXi ´ X̄q
2, s2 “

1

n´ 1

n
ÿ

i“1

pxi ´ x̄q
2.

½n4.3. �X����3, KEpS2q “ DpXq.

y: n´1
n S2 “ 1

n

řn
i“1pXi ´ X̄q

2 “ 1
n

řn
i“1pX

2
i ´ 2X̄Xi ` X̄

2q

“ 1
n

řn
i“1X

2
i ´ 2X̄X̄ ` X̄2 “ 1

n

řn
i“1X

2
i ´ X̄

2,

�, E n´1
n S2 “ EX2

::::
´

´

DpX̄q ` pEX̄q2
::::::

¯

“ DpXq
:::::

´ 1
nDpXq.

=, E n´1
n S2 “ n´1

n DpXq.

5: exi’s Û�
oN, KDpXq “ 1
N

řN
i“1pxi ´ x̄q

2.

^S “
b

1
n´1

řn
i“1pXi ´ X̄q2 �OIO�σ.

���¹e, pESq2 ă ES2 “ σ2, =ES ă σ.

���<: oÀº, U�: ÙE 1ÊÙ



 

Ý�O{

�X �©Ù�Ý´ppx; θ1, . . . , θmq.

νk ´X �k �Ý: νk “ EθX
k “ gkpθ1, . . . , θmq.

�ν1, ν2, . . . , νm ®�, K�l�§|

$

’

’

&

’

’

%

g1pθ1, . . . , θmq “ ν1

¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

gmpθ1, . . . , θmq “ νm

)�

$

’

’

&

’

’

%

θ1 “ f1pν1, . . . , νmq

¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

θm “ fmpν1, . . . , νmq

��: x1, . . . , xn.

^��Ýν̂k “
1
n

řn
i“1 x

k
i 5�Oνk, k “ 1, 2, . . . ,m.

^θ̂k “ fkpν̂1, ν̂2, . . . , ν̂mq �Oθk, k “ 1, 2, . . . ,m.

���<: oÀº, U�: ÙE 1ÊÙ



 

~4.2. X „ Npµ, σ2q, ¦µ, σ2 �Ý�O.

��§|: ν1 “ µ, ν2 “ EX2 “ DpXq ` pEXq2 “ σ2 ` µ2.

�): µ “ ν1, σ2 “ ν2 ´ ν
2
1 .

�O: ν̂1 “
1
n

řn
i“1 xi “ x̄, ν̂2 “

1
n

řn
i“1 x

2
i .

�\): µ̂ “ ν̂1 “ x̄, σ̂2 “ ν̂2 ´ ν̂
2
1 “

1
n

řn
i“1pxi ´ x̄q

2.

���q,�O�Ó.

���<: oÀº, U�: ÙE 1ÊÙ



 

~4.3. X „ Up0, θq. ¦θ �Ý�O.

�§: ν1 “ EX “ θ
2 .

�): θ “ 2ν1.

�O: ν̂1 “ X̄, θ̂ “ 2X̄.

Ý�O2X̄ vs ��q,�OXpnq.

(1) Ün5: k�U2X̄ ă Xpnq.

(2) Ã 5: Ep2X̄q “ 2EX “ θ,

EXpnq “
n
n`1θ, N�: θ̃ “ n`1

n Xpnq.

(3) k�5: Dp2X̄q “ 4 ¨ 1
n ¨

θ2

12 “
θ2

3n ; Dpθ̃q “??

(4) �Ü5: Ñk.

���<: oÀº, U�: ÙE 1ÊÙ



 
~4.4. ü�þX „ Γpα, βq. n “ 36, êâ: ¨ ¨ ¨ . ¦α, β �Ý�O.

�Ý: ppx;α, βq “ βα

Γpαqx
α´1e´βx, x ą 0.

��§: ν1 “
α
β , ν2 “

αpα`1q
β2 .

�êâ: ν̂1 “ 7.29, ν̂2 “ 85.59. ¦)Xe�§|:

α̂

β̂
“ 7.29,

α̂pα̂` 1q

β̂2
“ 85.59.

)�: α̂ “ 1.64, β̂ “ 0.22.

���<: oÀº, U�: ÙE 1ÊÙ



 §5.5 Ï"��&«m

c¡é�
Ï"EpXqÚ��DpXq��Oþ, ù«�Oþq

¡�:�O, Ï�§�´^��ê�5�O���ëê½ê

iA��.

·�k��F"
)�O�O(§Ý, ù�AT^���U

�����(«m)5�O��ëêÚêiA�.

ò?Ø��oNNpµ, σ2q �«m�O:

(1) ®���σ2, éµ “ EX ?1«m�O;

(2) ��σ2, éµ ?1«m�O;

���<: oÀº, U�: ÙE 1ÊÙ



 

σ2 ®�, �Oµ.

Í¶þ: X̄ „ N
´

µ, σ
2

n

¯

,

Z “ Zp ~X, µq “ X̄˚ “
X̄ ´ µ
a

σ2{n
„ Np0, 1q.

�L: P p|Z| ď 1.96q “ 0.95.

P
´

|X̄ ´ µ| ď 1.96 ¨ σ{
?
n
¯

“ 0.95.

VÇ�Ý: X̄ P
“

µ´ ε, µ` ε
‰

, ε “ 1.96 ¨ σ{
?
n.

ÚO�Ý: µ P
“

X̄ ´ ε, X̄ ` ε
‰

.

�&«m: �Å«m; �&Ý/Y²: 1´ α “ 0.95.

˚˚ éA��&«m�á; n ��, �&«m�á.

����/. Z CqÑlNp0, 1q. E�^rX̄ ´ ε, X̄ ` εs.

���<: oÀº, U�: ÙE 1ÊÙ



 ~5.1. E¾�»X „ Npµ, 0.05q(ü : mm). n “ 6, êâ: 14.70,

15.21, 14.90, 14.91, 15.32, 15.32. ¦: µ �«m�O.

�êâ:

x̄ “ 1
6p14.70`15.21`14.90`14.91`15.32`15.32q “ 15.06.

�»: ε “ 1.96
a

σ2{n “ 1.96
a

0.05{6 “ 0.18.

�&Ý�0.95 ��&«m�

r15.06´ 0.18, 15.06` 0.18s “ r14.88, 15.24s.

���<: oÀº, U�: ÙE 1ÊÙ



 

σ2 ��(?�ëê), �Oµ.

^����S2 “ 1
n´1

řn
i“1pXi ´ X̄q

2 �Oσ2.

T “
X̄ ´ µ
a

S2{n
“

?
npX̄ ´ µq
?
S2

.

I�í�T�©Ù. ±eí�L§��N¹�½n5 „ 7.

Xi “ µ` σZi, X̄ “ µ` σZ̄; Xi ´ X̄ “ σpZi ´ Z̄q,

©f:
?
npX̄ ´ µq “ σ

?
nZ̄,

©1:
?
S2 “ σ

a

S̃2, Ù¥S̃2 “ 1
n´1

řn
i“1pZi ´ Z̄q

2.

���Ý
Bnˆn, ¦�b1i “
1?
n

, @i.

~Y “ B~Z „ Np~0, Iq, Y1 “
?
nZ̄.

(Ø1: ©f�©1Õá.
řn
i“1pZi ´ Z̄q

2 “
řn
i“1 Z

2
i ´ nZ̄

2 “
řn
i“1 Y

2
i ´ Y

2
1 “

řn
i“2 Y

2
i .

���<: oÀº, U�: ÙE 1ÊÙ



 

(Ø1: X̄ �S2 Õá. T “
?
npX̄´µq
?
S2

“ Y1?
S̃2

,

Ù¥, S̃2 “ 1
n´1

řn
i“2 Y

2
i , Y1, ¨ ¨ ¨ , Yn i.i.d., „ Np0, 1q.

Y 2
i “ Γp1

2 ,
1
2q. (§2.4, ~).

Ún: eX, Y Õá, X „ Γpα1, βq, Y „ Γpα2, βq, K

X ` Y „ Γpα1 ` α2, βq.

y²: ^§4.2, (2.2) O���.

íØ: Y 2
2 ` ¨ ¨ ¨ ` Y

2
n „ Γpn´1

2 , 1
2q.

¡Γpn2 ,
1
2q �gdÝ�n �k�©Ù, P�χ2pnq.

χ2pnq �©Ù�ÝXe: (½Â6.1):

qnpuq “
1

2
n
2 Γ

`

n
2

˘u
n
2
´1e´

u
2 , u ą 0. (6.1)

(Ø2:
řn
i“2 Y

2
i „ χ2pn´ 1q.

���<: oÀº, U�: ÙE 1ÊÙ



 

(Ø1: X̄ �S2 Õá. T “
?
npX̄´µq
?
S2

“ Y1?
S̃2

,

Ù¥, S̃2 “ 1
n´1

řn
i“2 Y

2
i , Y1, ¨ ¨ ¨ , Yn i.i.d., „ Np0, 1q.

(Ø2:
řn
i“2 Y

2
i „ χ2pn´ 1q.

�Z �Kn Õá, Z „ Np0, 1q, Kn „ χ2pnq. PW “ Z?
Kn{n

.

gdÝ�n �t ©Ù, P�tpnq, �ÝXe.  yW „ tpnq.

pnptq “
Γ
`

n`1
2

˘

Γ
`

n
2

˘

¨
?
nπ

ˆ

1`
t2

n

˙

´n`1
2 . (5.6)

FW ptq “ P pZ ď t
a

Kn{nq “
ş8

´8

şt
?
x{n

´8 φpzqqnpxqdzdx

“
şt
´8

ş8

´8
φpw

a

x
nqqnpxq

a

x
ndxdw, (z “ w

a

x
n).

pnptq “ C
ş8

0 e´
t2x
2n x

n
2
´1e´

x
2 x

1
2dx

“ C
ş8

0 e
´ 1

2

´

1` t2

n

¯

x
x
n´1
2 dx “ Ĉ

´

1` t2

n

¯

´n`1
2 .

(Ø3: T „ tpn´ 1q.

���<: oÀº, U�: ÙE 1ÊÙ



 

'uT �©Ù�o(:

T “
?
npX̄´µq
?
S2

, X̄ “ 1
n

řn
i“1Xi, S

2 “ 1
n´1

řn
i“1pXi ´ X̄q

2.

(Ø1: X̄ �S2 Õá, (©f�©1Õá).

©f:
?
npX̄ ´ µq “ σY1, Ù¥Y1 „ Np0, 1q.

(Ø2: ©1:
?
S2 “ σ

a

S̃2, Ù¥S̃2 “ 1
n´1

řn
i“2 Y

2
i ,

řn
i“2 Y

2
i „ χ2pn´ 1q.

(Ø3: T „ tpn´ 1q.

51: tpnq ��Ýpnptq ´ó¼ê.

52: pnptq /Xφptq; ��þ, =P p|Tn| ą xq ě P p|Z| ą xq.

Ïd, eP pZ P r´z, zsq “ P pTn P r´t, tsq “ 95%, Kt ą z.

53: �±y² lim
nÑ8

pnptq “ φptq, @t.

���<: oÀº, U�: ÙE 1ÊÙ



 

Í¶þ:

T “
X̄ ´ µ
a

S2{n
“

?
npX̄ ´ µq
?
S2

„ tpn´ 1q.

�L: λ “ t1´α{2pn´ 1q, =P p|T | ď λq “ 1´ α “ 95%.

5: λ ��t©ÙVýα “ 0.05 �.�.

µ ��&Ý�95% ��&«m:

”

X̄ ´ λ
a

S2{n, X̄ ` λ
a

S2{n
ı

.

���<: oÀº, U�: ÙE 1ÊÙ



 

~5.2. ÿþ§Ý(ü :Ý). n “ 5 g, êâ: 1250, 1265, 1245,

1260, 1275. b�¤ìvkXÚ �, ¦: ý����, (α “ 0.05).

µ: ý�. (Ün/)b�X „ Npµ, σ2q.

µ��&«m�
”

x̄´ λ
a

S2{n, x̄` λ
a

S2{n
ı

.

�\êâ: O��x̄ “ 1259, s2 “ S2p~xq “ 570
4 .

gdÝ�n´ 1 “ 4.

�t©Ù�.�L(α “ 0.05) �λ “ 2.776.

�»�

λ

c

S2

n
“ 2.776ˆ

c

570

4ˆ 5
« 14.8.

�&«m�

r1259´ 14.8, 1259` 14.8s “ r1244.2, 1273.8s.

���<: oÀº, U�: ÙE 1ÊÙ



 

~5.3. ���1�Ý�n “ 15 �ÿþêâ(ü : �/¦): 422.2,

418.7, 425.6, 420.3, 425.8, 423.1, 431.5, 428.2, 438.3, 434.0,

412.3, 417.2, 413.5, 441.3, 423.7. ¦: ���1�Ý��&«m.

(α “ 0.05)

5: �â�Ï²�, �±@����1�ÝX „ Npµ, σ2q.

�\êâ: x̄ “ 425.047, s2 “ 1006.34
14 .

gdÝn´ 1 “ 14, �L�λ “ 2.145.

�»

λ

c

S2

n
“ 2.145

c

1006.34

14ˆ 15
“ 4.696.

�&«m�

r425.047´ 4.696, 425.047` 4.696s “ r420.35, 429.74s.

���<: oÀº, U�: ÙE 1ÊÙ



 

µ �«m�Oo(.

σ2 ®�:

(1) d���x1, ¨ ¨ ¨ , xn O�Ñx̄.

(2) �Np0, 1q ©ÙL, ��.�λ “ z1´α{2.

(3) �Ñ�»ε “ λ
a

σ2{n.

(4) �&«m�rx̄´ ε, x̄` εs.

σ2 ��:

(1) d���x1, ¨ ¨ ¨ , xn O�Ñx̄, s2.

(2) �tpn´ 1q ©ÙL, ��.�λ “ t1´α{2pn´ 1q.

(3) �Ñ�»ε “ λ
a

s2{n.

(4) �&«m�rx̄´ ε, x̄` εs.

���<: oÀº, U�: ÙE 1ÊÙ



 

§5.6 ����&«m

oNX „ Npµ, σ2q. ¦σ2 �«m�O. (�&Ý1´ α “ 0.95).

����: S2 “ 1
n´1

řn
i“1pXi ´ X̄q

2.

Í¶þ: Kn´1 “ pn´ 1qS2{σ2 „ χ2pn´ 1q.

�λ1 “ χ2
α{2pn´ 1q, λ2 “ χ2

1´α{2pn´ 1q ¦�

P pλ1 ď Kn´1 ď λ2q “ 1´ α “ 0.95.

σ2 ��&«m:
“
řn
i“1pXi ´ X̄q

2{λ2,
řn
i“1pXi ´ X̄q

2{λ1

‰

.

�λ “ χ2
1´αpn´ 1q, KP pσ2 ď δ̄q “ 1´ α “ 0.95.

�&þ�: δ̄ “
řn
i“1pXi ´ X̄q

2{λ.

5: σ ��&«m/þ�, à:m²��=�.

5: eµ ®�, KÍ¶þKn “
řn
i“1pXi ´ µq

2{σ2 „ χ2pnq.

���<: oÀº, U�: ÙE 1ÊÙ



 

~6.1. ,gÄ�K\ó"�, �"���ÝX „ Npµ, σ2q, (ü :

mm). n “ 16 �ÿþêâ: 12.15, 12.12, 12.01, 12.08, 12.09,

12.16, 12.03, 12.01, 12.06, 12.13, 12.07, 12.11, 12.08, 12.01,

12.03, 12.06. ¦σ2 �«m�O.

�êâ: x̄ “ 12.075, pn´ 1qs2 “
řn
i“1pxi ´ x̄q

2 “ 0.0366.

�χ2p15q �L: �λ1 “ 6.26, λ2 “ 27.5.

σ2 ��&«m:
“
řn
i“1pxi ´ x̄q

2{λ2,
řn
i“1pxi ´ x̄q

2{λ1

‰

.

“

0.0366
27.5 , 0.0366

6.26

‰

“ r0.0013, 0.0058s.

5: σ ��&«m�r0.036, 0.076s.
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§5.7 Ï¦�&«mÚ�&�����{

Vg: �&«m/�&�!�&Y²(�&Ý)!�&Xê.

�{: Í¶þ�{!ÚOþ�{!b�u��É��{.

���<: oÀº, U�: ÙE 1ÊÙ


